We study the dynamics of lasing from photonic paints excited by short, localized, optical pulses, using a time-dependent diffusion model for light propagating in the medium containing active atoms. The full timedependent, nonadiabatic nonlinear response of the atomic system to the local optical field intensity is described using the Einstein rate equations for absorption and emission of light. Solving the time-dependent diffusion equation for the light intensity in the medium with nonlinear gain and loss, we derive detailed information on the spectral, spatial, and temporal properties of the emitted laser light. Our model recaptures the effects of scatterers to narrow the emission spectral linewidth and to narrow the emitted pulse duration, at a specific threshold pump intensity. Our model also describes how this threshold pump intensity decreases with scatterer density and excitation spot diameter, in excellent agreement with experimental results.
I. INTRODUCTION
In conventional lasers, lasing is achieved by positive feedback. The radiation emitted and redirected into the active medium stimulates further emission, which reinforces the propagating field. The excitation threshold for coherent emission is reached when the gain in a round trip exceeds the loss. This can lead to a coherent mode, which builds up inside the cavity. Part of this light is coupled out of the cavity to form a unidirectional monochromatic beam.
Weak scattering of light has traditionally been considered detrimental to laser action, since such scattering removes photons from the lasing mode of a conventional cavity. On the other hand, if stronger, multiple scattering occurs, these photons may return to the amplification region and the amplified mode itself may consist of a multiple-scattering path. In random lasers, the conventional external cavity is absent, but light can be temporarily "trapped" inside the system, due to multiple scattering. Under suitable circumstances, the detrimental effects of diffuse scattering and other losses may be offset by the long path length of the photons within the gain region, giving rise to amplified laserlike emission.
The possibility of generation of amplified light by a randomly scattering medium with gain, first suggested by Letokhov [1] , has received considerable attention recently [2] [3] [4] [5] [6] [7] [8] [9] . Isotropic laser action has been observed in random colloidal suspensions [2, 3] as well as optically [8] and electrically [9] pumped semiconductor powders. A dramatic narrowing of the spectrum and a shortening of the emission time [6] has been observed above a well-defined threshold in pump energy. Furthermore, recent experiments [10, 11] have demonstrated, for the first time, that the emission of light from these random amplifying media is in fact coherent.
A great deal of experimental work [2] [3] [4] [5] [6] [7] has been devoted to the phenomenon of lasing in paints that contain Rhodamine 640 dye molecules in methanol as gain media and a titanium oxide colloidal suspension as optical scatterers. Emission from these multiple-light-scattering dielectric microstructures exhibits spectral and temporal properties characteristic of a multi-mode laser oscillator, even though the system contains no conventional cavity mode. These socalled paint-on laser systems are of special interest for understanding emission in random media because the gain and scattering can be varied independently.
A number of attempts have been undertaken to develop theoretical models which are relevant to lasing in random media. The experimental observations on the emission properties can be partially explained by heuristic ring laser models [12] . A more microscopic and fundamental understanding of the spectrally resolved intensity input-output properties of the random laser have been provided by a simple diffusion model [13] [14] [15] for the average light intensity and a rateequation description of the atomic excitation density. In the case of a purely one-dimensional light scattering model, this rate-equation picture has been improved by recourse to a more microscopic, time-dependent Maxwell-Bloch equation description [16] .
The properties of the emission in photonic paints can be studied using a diffusion model [13] for optical scattering and transport. A diffusion model is adequate to study the random laser with nonresonant feedback [1] that occurs in the moderate scattering regime. In this case, wave interference does not play any role, and the optical feedback provided by the scatterers has the role to simply return the emitted photons to the active gain region of the system (rather than to an initial position), thereby stimulating further emission. In other words, it is intensity feedback. This is different from the case of a random laser with coherent feedback [8] operating in the strong scattering regime, where the recurrent scattering events lead to the formation of closed loops, acting as laser resonators. In the case of strong optical scattering, a more general model involving the electric field rather than the intensity of light is necessary to investigate the laser action. In the diffusion approximation, the propagation of light in the random amplifying medium is considered as an isotropic random walk. This is valid for the transport of light over distances large compared with the transport mean free path l * , defined as the average distance the light travels in the sample before its propagation direction is randomized. The diffusion approximation represents an approximation to the radiative transfer theory [17] , which, in turn, is an approximation to the more general coherence propagation theory for the electric-field autocorrelation function [18] . The interaction between photons and molecules is treated by the Einstein rate equations for emission and absorption of light. The radiation emitted into the random amplifying medium is described by a set of diffusion equations, where the multiplescattering character of the transport is described by a diffusion coefficient that replaces the cavity loss coefficient in a conventional laser. The properties of the gain medium enter the nonlinear diffusion equations through the gain coefficient. Previous results [13] show that a time-independent diffusion model entirely recaptures the experimentally observed average emission spectral properties for steady-state pumping with a large beam cross section. However, the different time scales of transport (which usually takes place on a picosecond time scale) and emission (taking place on a nanosecond time scale) processes in a random laser require a complete time-dependent model for the system dynamics. In this paper, we recapture both the emission spectrum and temporal response by solving the time-dependent nonlinear diffusion equations for emitted photons of different frequencies, for a pulsed pump field and for a narrow cross-section pump field. In addition, we retain the full time dependence of the Einstein rate equations rather than adiabatically eliminating the atomic degrees of freedom. For very short excitation pulses, it is not possible for the atoms to respond instantaneously to changes in the electromagnetic field. Our model is similar to the random walk model [15] used to study the lasing in photonic paints. For the pulsed pump, we consider both plane wave and Gaussian beam cross sections, and we find that the time-dependent diffusion model qualitatively recaptures the experimental results. In particular, our model describes how the laser threshold intensity varies with the transport mean free path and the pump beam cross section.
II. DIFFUSION MODEL
In amplifying random media, light is both multiply scattered and amplified. In laser paints, optical pumping brings the dye molecules to excited states. Through spontaneous emission, some excited molecules randomly emit photons. These photons travel in the medium, being scattered by titania particles and amplified by dye molecules, through stimulated emission. The emergent photon energy per unit time, unit solid angle, and unit interface area around the direction k f in the frequency range from to + d and time t is then expressed in terms of the source intensity due to the spontaneous emission within the sample, S ͑rЈ , tЈ ; q ͒d (energy per unit volume, per unit time, and per unit solid angle around direction q , in the frequency range from to + d). The output intensity also depends on the propagator G ͑r − rЈ , t − tЈ ; q , k f ͒, which represents the number of photons per unit "volume" found at a position r at time t and traveling in a direction k f , given a unit source intensity at position rЈ and time tЈ Ͻ t, emitting light in an initial direction q . This accounts for stimulated emission processes
The "volume" referred to above is assumed large compared to a cubic wavelength, so that both the "location" and wave vector of the photon can be approximately specified. The source intensity S ͑rЈ , tЈ ; q ͒ is proportional to the density of excited molecules at position rЈ and time tЈ and their spontaneous-radiative-emission cross section at frequency and direction q . The Green's function G ͑r − rЈ , t − tЈ ; q , k f ͒ describes the average propagation of photons through the gain medium from position rЈ at time tЈ with wave vector ͑ / c͒q to position r at time t and wave vector ͑ / c͒k f , involving the process of diffusion, absorption by unexcited dye molecules, and stimulated emission from excited dye molecules. Here, c is the speed of light, l * is the transport mean free path of the emitted photons, and the factor ͑c /4l *3 ͒exp͑−z / k f · ẑ ͉ l * ͒dr represents the fraction of the energy at r and time t that contributes to the emergent flux. The factor exp͑−z / k f · ẑ ͉ l * ͒ represents the part of this energy which emerges from the output surface of the sample without being further scattered, amplified, or absorbed [19] .
For random media in which scattering mean free path is very large compared to the wavelength, the propagation of light can usually be described as a diffusion process. Assuming an isotropic random walk process for both the emitted light and the pump light, the light propagation in the system is described by diffusion equations with appropriate absorption and gain terms, which depend on the local excitation of the dye molecules. In this case, it is convenient to introduce the propagator for the total intensity of light at frequency :
The diffusion equation for the emitted photons at frequency can be written as
͑2.3͒
Here, D =1/3cl * is the classical diffusion constant, which is assumed not altered by the presence of the dye, and the gain coefficient of the dye solution, l g −1 ͑ , r , t͒, which is related to the absorption and stimulated emission processes in the system.
For a sample consisting of a slab of random gain medium with planar boundaries with air on either side, the boundary condition for Eq. (2.3) requires that the propagator vanish at "trapping planes" located at the distance d = 0.71 l * , the "extrapolation length," outside the sample. This imposes the physical boundary condition that photons that come within a mean free path of the sample boundary leave the sample and are "absorbed" by the external environment, with no opportunity to reenter the random gain medium. This factor arises because the photon density cannot vanish at the sample surface. Photons diffuse out of the medium and must pass through the surface. The value of the "extrapolation length" may be obtained from the method of linear extrapolation [20] .
It is useful to introduce the total intensity of light at frequency in terms of emitted local intensities:
͑2.4͒
This obeys the diffusion equation
I͑,r,t͒
͑2.5a͒
Equation (2.5a) was obtained from the definition of I͑ , r , t͒ and the diffusion equation (2.3).
The propagation of the pump intensity in the medium is described by
where D p =1/3cl p * is the diffusion coefficient for the pump intensity (l p * is the transport mean free path of the pump). For simplicity, we assume that the transport mean free path of the pump and emitted photons are the same ͑D p = D͒. The absorption coefficient l a ͑r , t͒ depends on the density of dye molecules at position r and time t in the ground state and their absorption cross section at pump frequency. I incident represents the coherent incident pump intensity. Both the coherent ͑I incident ͒ and diffuse ͑I p ͒ parts of the pump intensity are assumed monochromatic and we suppress the frequency dependence of these fields in our discussion.
In the case of illumination by a plane wave propagating in the z direction, the system is homogeneous in the transverse directions, and we only consider the z dependence of the emitted and pump intensities. However, for a finite Gaussian pump beam cross section we make use of the cylindrical symmetry and write the gradients in the diffusion equations accordingly. In the first case, the boundary conditions for Eqs. 
͑2.6͒
In the case of finite beam cross section, the sample itself is taken to have the shape of a cylindrical pill box of radius R and thickness L (see Fig. 1 ). In this case, an additional trapping surface is introduced to capture photons leaving the sample in the transverse direction:
I͑,r,t͉͒ r· =R+0.71l * = I p ͑r,t͉͒ r· =R+0.71l * = 0.
͑2.7͒
Here, z and are the cylindrical coordinates and the beam radius is considered less than the sample radius, R. The proposed excitation scheme for laser dyes [13] is presented in Fig. 2 . It consists of electronic levels with total spin zero (singlet states S 0 , S 1 ) and total spin one (triplet states T 1 , T 2 ), and an adjustable intersystem crossing rate between these states. Here, we neglect the intersystem crossing and consider that the emission dynamics corresponds only to the singlet state transitions, modeled as a standard four-level system. The lasing transition occurs between the third level (the lowest level in the S 1 manifold) and the second level (excited vibrational energy levels in the S 0 manifold). We further define the first level as the ground state in the S 0 manifold and the fourth level as an excited vibrational level of the S 1 manifold. The vibrational substructure included in our model provides an effective broadening of the essential states and is important for a quantitative comparison between our results and the experimentally observed line shape. The peak of the emission spectrum (obtained from the transition from the third level to the second level) is well separated from the absorption spectrum (obtained from the transitions from the first level to levels three and four). Accordingly, processes of stimulated emission from level 3 to level 1 and absorption from level 1 are ignored in comparison to the processes taking place between the lasing transition levels 3 and 2. Typical emitted photons do not have enough energy to excite the transitions from level one to the third and fourth levels. Furthermore, the populations in the fourth and second levels can be neglected due to the rapid nonradiative decays (on a time scale of 10 −13 s) to the third and first levels, respectively. Therefore, one can neglect the reabsorption of the emitted radiation from level 2 to levels 3 and 4 and the transitions from level 4. As a result, the emission dynamics can be described by a single rate equation. The rate equation that describes the dye population per unit volume in the excited state (ground state of the S 1 manifold), N 2 , reads
Here, N 0 = N − N 2 is the population per unit volume in the ground state (N is the total density of dye molecules), P is the pumping rate, and ⌫ 2 = ͚ ⌫ 21 ͑͒ is the total decay rate of the lowest level of the S 1 manifold due to spontaneous emission into individual levels of S 0 with individual rates ⌫ 21 ͑͒. Here e ͑͒ is the stimulated emission cross section, corresponding to transitions between the bottom of the S 1 manifold and vibrational levels in S 0 . Explicit forms of these functions are discussed in Sec. III. The photon flux ⌽͑ , r , t͒ (number of photons per unit area, per unit time) is related to the emitted light intensity through ⌽͑ , r , t͒ = I͑ , r , t͒ / ប. Recently [9] random laser action in rare-earth-doped nanopowders has also been reported. In such systems, the laser gain media generally consist of ionic species grown or doped within a host material. This is analogous to the organic dye laser, in which dye molecules are suspended in solvent. The solid-state dielectric lasers can be modeled as four-level systems, reducible, due to the rapid nonradiative decays, to twolevel systems, entirely similar to the case of the dye molecules [21] . Therefore, the lasing in the rare-earth-doped nanopowders, with the powders playing the role of scatterers, is similar to the lasing in photonic paints. The formalism presented here can be straightforwardly applied to describe the emission properties of these alternative random amplifying media.
The pumping rate in Eq. (2.8) is given by
Here, a ͑ 0 ͒ is the cross section of the singlet absorption at the pump frequency, 0 . The gain coefficient, the source intensity due to the spontaneous emission, and the absorption coefficient entering the diffusion equations are expressed in terms of dye population densities as l g −1 ͑,r,t͒ ϵ e ͑͒N 2 ͑r,t͒, ͑2.10a͒
It is convenient to rewrite the equations above in terms of dimensionless quantities. We define the dimensionless time tϵ t / t a and the dimensionless length r ϵ r / l z , where t a ϵ l a 0 / c and l z ϵ͑l * l a ͒ 1/2 is the diffusion controlled extinction length; l a 0 ϵ͓N͑ 0 ͔͒ −1 is a parameter in our model, related to the dye concentration. Here, we neglect saturation effects and approximate l a by l a 0 in the expression of the extinction length, but use the expression (2.10c) elsewhere. We also define the dimensionless intensities for the case of a finite cross-section pump beam. Unlike previous studies [13] , we treat the full timedependent rate equation (2.12c) rather than carrying out an adiabatic elimination of the atomic degrees of freedom in favor of optical intensities. This more general treatment is useful in describing ultrashort-pulse excitations of the random medium.
For a slab in the xy plane illuminated by plane waves in the z direction, we can omit the x and y dependence and retain only partial derivatives with respect to z in the gradients in diffusion equations (2.12a) and (2.12b). In the case of a three-dimensional system, illuminated by Gaussian beam in the z direction, we assume a cylindrical symmetry of the system and use cylindrical coordinates. Neglecting the angular dependence, we make the substitution ٌ r 2 → ‫ץ‬ 2 + ‫ץ͒/1͑‬
We introduce the homogeneously broadened output intensity I out ͑,t͒ ϵ ͵ dk f͵ dЈI output ͑Ј,t;k f ͒g͑Ј − ͒,
͑2.17͒
where g͑Ј − ͒ is the homogeneously (collision) broadened Lorentzian line-shape function [22] , and I output is defined in Eq. (2.1). We point out that in the more general case when the gain medium is both homogeneously and inhomogeneously broadened, the line-shape function g͑Ј − ͒ is the composite Voigt line-shape function [22] . Finally, the total emergent photon energy from the medium (per unit area, per unit time, in the frequency range from to + d) is expressed as I out ͑ , t͒d, where
͑2.18͒
Here
In order to calculate the output intensity, we solve the system of diffusion and rate equations (2.12). This provides us with all the information on the spectral, spatial, and temporal properties of the emitted intensity, as well as the gain coefficient inside the sample. By approximating the integral in Eq. (2.14) by a sum over a set of discrete frequencies i , i =1,2, ... ,N, this system transforms to a set of N +3 coupled nonlinear partial differential equations, which can be solved numerically using the method of lines [23] . This method is based on replacing the spatial (boundary value) derivatives with an algebraic approximation over a spatial grid. The resulting system of initial-value ordinary (timedependent) differential equations (ODE's) is then integrated numerically, using an established ODE code.
III. NUMERICAL RESULTS FOR EMISSION INTENSITY AND LASING THRESHOLD
We solve the set of diffusion and rate equations (2.12) for different values of scatterer density, dye concentration, and pump intensity, both for plane-wave pump beams,
͑3.1͒
and for pump beams with Gaussian cross sections,
͑3.2͒
Here I 0 is the pump intensity, a =4 ln 2, t 0 is the time at which the maximum of the pump is incident on the sample surface, and p is the pulse temporal profile, full width at half maximum. p is the pulse radial profile, full width at half maximum. The stimulated emission cross section used is given by the expression [21] 
Here, 0 is the vacuum permittivity, D͑͒ is the rovibrational density of state of the relevant energy band of the dye, and is the transition matrix element of the electric dipole moment. We assume that
Here, ͓1+b͑1− / 0 ͒ 2 ͔ describes the degeneracy of the excited vibrational states, and e −͉a͑1−/ 0 ͉͒ is the Frank-Condon overlap factor [21] for the dipole matrix element connecting the ground states and the excited electronic state in different vibrational states. a, b, and 0 are three parameters, adjusted in order to fit experimental data on the peak position and the linewidth of the fluorescence spectrum (emission cross section) of the dye molecules. The values a = 35, b = 264, and 2c / 0 = 615 nm have been used in the calculations [13] . The spontaneous emission rate ⌫ 21 ͑͒ is related to e ͑͒ through the relation between the Einstein A and Einstein B coefficients [21] . In the following calculations, we choose a ͑ 0 ͒ / max = 2, the spontaneous emission decay rate is set to ⌫ 2 = 1 ns, the sample thickness and radius are L = 1 cm and R = 1 cm, respectively, and the parameter l a 0 is calculated using the fact that the pump penetration depth of a 2.5 ϫ 10 −3 M dye solution is about 50 m [2] . The homogeneously broadened line-shape function is expressed as
with ⌬ = ͑2c / 0 ͒͑6 nm/2 0 ͒, where 0 = 620 nm. The 6-nm linewidth is chosen since it is the minimum width to which the emission narrows under strong laserlike amplification. This value of the homogeneous linewidth of the gain medium is close to that experimentally observed for similar systems [24, 25] . We begin by presenting the results obtained for planewave excitations (3.1), with pulse duration p = 10 ps, as reported in some of the experiments [6] . This requires solving the one-dimensional diffusion equations, coupled to the atomic rate equation. Figure 3 shows the emission spectrum at different pump intensities, for fixed dye concentration and scatterer density. The spectral and temporal response of the system to the pump pulse is presented in Fig. 4 , which shows the emitted pulse linewidth and duration as function of pump intensity. The shapes of these curves are consistent with the experimental observations. We see from Fig. 4 that there exists a well-defined value of the pump intensity above which the emission characteristics from the disordered medium change dramatically: the linewidth is narrowed and the emission shortens dramatically and reaches its peak value at earlier times. As in experiments, the threshold intensity appears to be the same for both spectral and temporal emission properties. Also, as experimentally observed, it is obtained that, above the threshold, the emission at the peak wavelength increases more rapidly with the pump intensity than it does below the threshold. This is shown in the inset in Fig. 3 , where we plot the emission intensity at the peak wavelength ͑620 nm͒ as a function of pump intensity.
The lasing in the random medium is enhanced rather than hindered by multiple-light-scattering processes in the system. The lasing threshold in fact decreases with the scatterer density. We see from Fig. 5 that the threshold intensity, here defined as the pump intensity for which the duration of the emitted pulse is 100 ps (which from Figs. 3 and 4 is also the pump intensity for which the emission spectral linewidth collapses and the slope of the input-output curve changes), de-
The emission spectrum at different values of peak pump intensity, varying from 0.5ϫ 10 7 J cm −2 s −1 (the innermost curve) to 10ϫ 10 7 J cm −2 s −1 (the outmost curve), for a 10-ps plane-wave pulse. The transport mean free path is set to 6.2ϫ 10 −4 cm, and the dye concentration is 2.5ϫ 10 −4 M. Here the entire cross section of the sample is illuminated uniformly. The inset shows the variation of the peak intensity with the pump intensity, for the same set of sample parameters.
FIG. 4. Spectral linewidth as a function of peak pump intensity.
The pulse characteristics, transport mean free path, and dye concentration are the same as in Fig. 3 . The inset shows the dependence of the pulse duration and the time delay of the peak emission with respect to the peak pump excitation on the peak pump intensity, for the same set of sample parameters.
creases when the transport mean free path decreases (or, equivalently, as the scatterer density is increased).
In Fig. 6 , we plot the temporal profile of the emitted pulse and its spectral linewidth, for a pump intensity above the threshold value, and Fig. 7 shows the excited-state population at the same value of the pump intensity.
Experimental studies [7] have also demonstrated the strong dependence of the threshold pump intensity on the spot size of the incident pump pulse. In the case of illuminating the sample with a beam of finite cross section, the lasing threshold has been found to increase by 70 times as the excitation spot diameter was gradually decreased from 20 to below 5 transport mean free paths [7] . We demonstrate that this is the result of multiple light scattering. For a large excitation area, the pumped volume is large and the emitted photons will spend more time in this amplifying region. For a small excitation volume, the emitted light, which propagates diffusively through the sample, will leave the amplifying region after a short time. In the latter situation, a higher pumping level is necessary to achieve positive gain in the system. We study this effect in the framework of a more complete, three-dimensional diffusion model. Although the main ideas behind this approach remain the same as in the one-dimensional case, the extension of the diffusion model to three dimensions involves significantly more effort in terms of numerical analysis and programming. For simplicity, the atomic rate equations are solved under "quasi-steadystate" conditions, by putting dn 2 / dt = 0 in the rate equation (2.12c). This quasi-steady-state atomic response is then substituted into the time-dependent diffusion equation. In doing so, we assume that both the emitted intensity and the pump intensity vary much more slowly in time than the atomic variables. The solutions for the atomic populations obtained this way are not truly constant, but are determined by the instantaneous values of these slowly varying field variables. As discussed in Sec. IV, this approach does not provide an accurate description of the dynamics of the system, and we will use it only to calculate the emission spectrum. This is enough to investigate the effect of the transverse diffusion on the lasing threshold.
We consider a Gaussian beam cross section of the form (3.2), with a duration of p = 10 ns, and investigate the dependence of the threshold intensity on the radial full width at half maximum, p . The result is obtained for a set a sample parameters as those used in the experiments [7] . Here the threshold intensity is obtained from a plot of the spectral linewidth as a function of pump intensity, as shown in Fig. 8 , and represents the intensity at which the linewidth collapses. We see from Fig. 9 that the lasing threshold intensity dramatically decreases when the excitation spot diameter increases above a few transport mean free paths, corresponding to a larger gain volume. This result is in quantitatively very good agreement with the experimental findings.
IV. PHYSICAL INTERPRETATION OF TEMPORAL BEHAVIOR
We now discuss qualitatively the necessity of a nonadiabatic time-dependent model in order to fully recapture the dynamics of the system. The temporal profiles of the emitted pulse and excited-state population, as well as the threshold behavior of the emitted pulse duration, are important features of any laser. However, the characteristic time scales of these features depend on the specific system. In what follows, we employ a simplified rate equation model for both atoms and photons, to interpret our results on the temporal response of the random laser.
In a random laser, the majority of the emitted intensity arises from a region 0 ഛ z ഛ l z within the diffusion-controlled extinction length, where significant population inversion is achieved. The pump pulse only reaches this region, where it is absorbed by the dye molecules and scattered by titania particles. Based on this fact, in our analysis, the real slab is replaced by an "effective slab" of thickness l z . The general solution for the emitted intensity for the one-dimensional slab geometry [Eq. (2.5a)] can then be expressed as an expansion in the "eigenfunctions" of the diffusion equation for this effective domain,
Here, ͱ͑2/l z ͒ k ͑z͒ = sin͑kz / l z ͒. We point here that this represents only a heuristic approach, necessary to identify the time scale corresponding to diffuse photon propagation in the amplifying medium. Strictly speaking, the diffusion approximation becomes inapplicable as the physical length scale of the system becomes comparable to the transport mean free path, and surface corrections have to be considered. To obtain a qualitative picture, we keep only the first term in the expansion (4.2). Using this expression for the emitted intensity, the diffusion equation (2.5a) becomes ‫ץ‬ t I͑,z,t͒ = − ␥ c I͑,z,t͒ + c e ͑͒N 2 ͑z,t͒I͑,z,t͒
Here, ␥ c ϵ 2 D / l z 2 is the "cavity" decay rate, and we have used expressions (2.10a) and (2.10b) for the gain coefficient l g ͑ , z , t͒ and the source intensity due to spontaneous emission, S ͑z , t , q ͒, respectively. For a random laser characterized by values of the transport mean free path and absorption length as those used in the calculations in Sec. III, the cavity decay constant ␥ c corresponds to a decay time of picoseconds. The slow response of the atomic system compared to the light transport is a characteristic of the random lasers and leads to relaxation oscillations (laser spiking) in the dynamic response of the system at the threshold crossing. A detailed study of this regime is presented in [14, 26, 27] .
We further divide Eq. (4.3) by cប and sum over frequencies to arrive at the equation
Here, n͑z , t͒ϵc −1 ͚ ⌽͑ , z , t͒ is the total number of photons per unit volume in the system, N ϵ N 2 ͑z , t͒ is excited-state population density, and ⌫ ϵ ⌫ 2 . For simplicity, we omit the dependence on the spatial coordinate z hereafter. In deriving Eq. (4.4), we have used that the laser emission spectrum is usually much narrower than the spontaneous emission spectrum and made the approximation 
͑4.6͒
where P ϵ P͑z , t͒N 0 ͑z , t͒. For simplicity, in the analysis presented here, we neglect pump diffusion. We note that Eqs. (4.4) and (4.6) are similar to the rate equations of a conventional laser.
First, consider the case in which the laser is operating below or near threshold. In this case, the number of photons in the system is very small, and the stimulated emission terms in Eqs. (4.4) and (4.6) can be neglected. During the course of a picosecond pump pulse exciting the system, the atomic population builds up rapidly towards a maximum value, and spontaneous emission (which takes place on a nanosecond time scale) does not yet contribute to the system dynamics. Atomic population decay by spontaneous emission occurs only after the passage or extinction of the pump. As a consequence, the temporal profile of the excited-state population for the dye molecules exhibits a rapid buildup and slow decay, with an overall width on the scale of nanoseconds. The emitted pulse temporal profile has similar characteristics. When the excited population is below a threshold value, N th Ϸ ␥ c / , the number of photons in the system remains very small. As soon as the number of excited molecules passes through the threshold value, the laser gain exceeds the loss, and the number of photons begins to increase exponentially. The exponential buildup rate is ␥ c Ј ϵ ␥ c (N͑t͒ / N thr −1) Ϸ ␥ c . The buildup time of the number of photons is of the order of the cavity decay time, which has the value on the scale of picoseconds for a typical random laser. The increase of the photon number continues as long as the population inversion is above the threshold value. During this time, the population inversion increases to the maximum value (on a time scale of picoseconds, as discussed above) and then slowly decreases (on a nanosecond time scale) to the threshold value. The point in time at which the population inversion returns to its threshold value coincides with the time ͑t peak ͒ where the photon number reaches its peak value ͑n peak ͒. Therefore, the buildup time for the emitted radiation is on the order of hundreds of picoseconds to nanoseconds. The subsequent decrease in photon number takes place on a nanosecond time scale. As a consequence, the emission pulse duration is of the order of nanoseconds. The decay rate of the emission can be obtained using the solution of Eq. (4.4), integrated from the moment the photon number reaches maximum value, and where we neglect the stimulated emission term:
where
Here, we have used that for the time interval considered N͑t͒ = N thr exp͑−⌫t͒. From Eq. (4.7) we also notice that the exponential decay of the emission exhibits a fast component, corresponding to the cavity decay, and a slow component, corresponding to the spontaneous emission.
Consider now the case when the laser is operating well above threshold. Under the action of the pump, the number of molecules in the excited state increases on a time scale of picoseconds (the pulse duration). However, due to the presence of a large number of photons in the system, the stimulated emission becomes dominant and leads to a much faster decay of the population inversion after reaching the maximum value. This decay rate is larger than the spontaneous emission rate by a factor equal to the number of photons in the system (the stimulated emission rate). Since the emission buildup time is equal to the time the population inversion reaches the maximum value, we obtain the picosecond scale delay for the emission above threshold. The fast decay of the population inversion leads, in turn, to a fast decay of photon number. This can be seen using the formal solution of the photon rate equation (4.4) for the case of laser operating above threshold, obtained by replacing ␥ c by ␥ c Ј, and exp͑−⌫t͒ with exp͑−n⌫t͒ [using N͑t͒ = N thr exp͑−n⌫t͒]. As a result, the emission pulse duration is in the range of picoseconds. Moreover, the fact that the pulse duration is inversely proportional to ␥ c Ј and n⌫ (which, in turn, are proportional to the pump rate) explains its threshold behavior. Namely, the emitted pulse duration decreases with increasing pump rate, until (for large values of the pump) it reaches a saturation value equal to cavity decay rate. Similarly, the emission time delay has a component that is inversely proportional n⌫, which also exhibits a threshold behavior mirroring the threshold behavior of the number of emitted photons. Also, the transient gain narrowing, presented in Fig. 6 , is related to the increase of the emitted intensity with time, since, according to Schawlow-Townes formula [21] , the spectral linewidth is inversely proportional to the number of emitted photons.
We note that the emission pulse exhibits a fast decay followed by a slow decay for the random laser operating above threshold. When the emitted laser pulse leaves the sample and stimulated emission becomes negligible, the temporal decay of the residual atomic population inversion occurs by spontaneous emission. This slow decay of the population inversion leads to a tail in the emission, similar to the case of the laser operating below threshold. However, this low intensity tail does not substantially alter the emitted pulse duration, since it is acquired only after the number of photons decreases dramatically.
A consequence of the interpretation provided above is the importance of the nonadiabatic atomic response. While a model in which the atomic variables are adiabatically eliminated [13] is adequate to describe steady-state spectral emission properties, it cannot recapture important features of the emitted pulse. By adiabatically eliminating the atomic variables, one forces the atomic population to instantaneously follow the pump. Consequently, the temporal profile of the emitted light will be dictated by the excitation, regardless of whether the laser operates below or above threshold. In this case, the threshold behavior of the emitted pulse duration and delay (presented in Fig. 4 ) will be lost. This can easily be seen if we solve Eq. (4.6) under steady-state condition and substitute the resulting population inversion into Eq. 
͑4.9͒
Clearly, the number of emitted photons will simply increase in time with the pump intensity and then decrease at a rate equal to the cavity decay rate, irrespective of the lasing threshold.
V. CONCLUSIONS
In summary, we have demonstrated the ability of the diffusion model with nonlinear, nonadiabatic atomic coupling to recapture the experimentally observed spectral and temporal properties of the emission in photonic paints. Most of the important lasing features, such as the narrowing of the spectrum, shortening of the emitted pulse, and the linear inputoutput for pump intensities above a threshold value, can be accurately recaptured using a one-dimensional timedependent diffusion model. A three-dimensional diffusion model is required to describe effects where the excitation spot size and the gain volume is limited, and significant diffusion of photons out of the gain region occurs prior to the buildup of the emitted pulse.
The analysis presented here assumes a white-noise model for the disorder and considers only isotropic scattering with a uniform distribution of active molecules. It would be of considerable interest to extend this study to the case of more general types of anisotropic scattering and nonuniform dye concentration. It is possible that the statistical and spatial distribution of the gain material will influence the diffusion coefficient [28] and thereby affect the lasing properties. It is also of considerable interest to study the influence of more detailed properties of the scattering microstructures on lasing properties. For example, with finite-size scatterers which have some form of spatial correlation, the scattering is anisotropic. In this case, there is a distinction between the scattering mean free path for photons, l, and the transport mean free path l * . Such a situation will require the generalization of the multiple-light-scattering theory for a passive random medium [18] in the case of a nonlinear active random medium, characterized by a complex, intensity-dependent dielectric function. A more fundamental multiple-lightscattering model with nonlinear gain may also be crucial to describing the very strong scattering regime of incipient photon localization ͑l * ഛ͒ [29] . In this regime, our simple diffusion model suggests the likelihood for dramatic enhancements in the laserlike response of the random medium.
